The modulational instability ͑MI͒ of plane waves in nonlocal Kerr media is studied for a general response function. Several generic properties are proven mathematically, with emphasis on how new gain bands are formed through a bifurcation process when the degree of nonlocality, , passes certain bifurcation values and how the bandwidth and maximum of each individual gain band depends on . The generic properties of the MI gain spectrum, including the bifurcation phenomena, are then demonstrated for the exponential and rectangular response functions. For a focusing nonlinearity the nonlocality tends to suppress MI, but can never remove it completely, irrespectively of the shape of the response function. For a defocusing nonlinearity the stability properties depend sensitively on the profile of the response function. For response functions with a positivedefinite spectrum, such as Gaussians and exponentials, plane waves are always stable, whereas response functions with spectra that are not positive definite ͑such as the rectangular͒ will lead to MI if exceeds a certain threshold. For the square response function, in both the focusing and defocusing case, we show analytically and numerically how new gain bands that form at higher wave numbers when increases will eventually dominate the existing gain bands at lower wave numbers and abruptly change the length scale of the periodic pattern that may be observed in experiments.
I. INTRODUCTION
The phenomena of modulational instability ͑MI͒ of plane waves has been identified and studied in various physical systems, such as fluids ͓1͔, plasma ͓2͔, nonlinear optics ͓3,4͔, discrete nonlinear systems ͑such as molecular chains ͓5͔, Fermi-resonant interfaces, and waveguide arrays ͓6͔͒, dispersive nonlinear directional couplers with the change of refractive index following a exponential relaxation law ͓7͔, etc. It has been shown that MI is strongly affected by various mechanisms present in nonlinear systems, such as higherorder dispersive terms in the case of optical pulses ͓8͔, saturation of the nonlinearity ͓9͔, and coherence properties of optical beams ͓10͔.
In this work we study the MI of plane waves propagating in a nonlinear Kerr-type medium with a nonlinearity N(͉͉ 2 ) ͑the refractive index change, in nonlinear optics͒ that is a nonlocal function of the incident wave field (x,z). We consider a phenomenological model
where the nonlinear response N(͉͉ 2 )ϭR*͉͉ 2 has the generic form of a spatial convolution between the wave intensity ͉͉ 2 and a response function R(x), where R*͉͉ 2 ϭ͐ Ϫϱ ϱ R(xЈϪx)͉(xЈ,z)͉ 2 dxЈ, Here x is the transverse spatial coordinate and sϭ1 (sϭϪ1) corresponds to a focusing ͑de-focusing͒ nonlinearity. The evolution coordinate z can be the time coordinates, as for Bose-Einstein condensates, or the propagation coordinate, as for optical beams. We consider only symmetric spatial response functions that are positive definite and ͑without loss of generality͒ obey the normalization condition ͵ Ϫϱ ϱ R͑x ͒dxϭ1. ͑2͒
Thus we exclude asymmetric effects, such as those generated by asymmetric temporal response functions ͑with x being time͒, as in the case of the Raman effect on optical pulses ͓11͔.
In nonlinear optics, Eq. ͑1͒ represents a general phenomenological model for media in which the nonlinear refractive index change ͑or polarization͒ induced by an optical beam is determined by some kind of a transport process. It may include, e.g., heat conduction in materials with a thermal nonlinearity ͓12-15͔ or diffusion of molecules or atoms accompanying nonlinear light propagation in atomic vapors ͓16͔. Nonlocality also accompanies the propagation of waves in plasma ͓15,17-21͔, and a nonlocal response in form ͑1͒ appears naturally as a result of many-body interaction pro-cesses in the description of Bose-Einstein condensates ͓22͔. The orientational nonlinearity of liquid crystals is also nonlocal and may be described by Eq. ͑1͒ ͓23,24͔. It is worth to mention that an important aspect of the nonlocality in all these systems is that it completely prevents collapse of finitesize beams ͓25͔.
The width of the response function R(x) relative to the width of the intensity profile ͉(x,z)͉ 2 determines the degree of nonlocality. In the limit of a singular response we get the well-known nonlinear Schrödinger ͑NLS͒ equation that appears in all areas of physics. Here the focusing case (sϭ1) produces MI of the finite bandwidth type, while the defocusing case (sϭϪ1) predicts modulational stability ͓3͔. When the width of the response function is finite but small compared to that of the intensity distribution, model ͑1͒ is approximated by the weakly nonlocal NLS equation ͓26 -30͔
Here ␥Ӷ1 is defined as the second virial of R(x),
In contrast to the local NLS limit (␥ϭ0), the MI now depends not only on the sign of s but also on the intensity of the plane waves ͓18͔. Finally, in the case of strong nonlocality it has been shown that Eq. ͑1͒ simplifies to a linear model, and hence there is no MI in this limit ͓31͔. MI has thus been studied in different limits. The general case ͑1͒ has recently been investigated with respect to MI and compared with the weakly nonlocal limit ͓26͔. Here we present an analytical study of the full nonlocal case with arbitrary profile R(x) whose spectrum obeys a sufficient degree of smoothness, with particular emphasis on generic features of the MI. The present paper complements and extends the results obtained in Ref. ͓26͔.
II. MI IN THE NONLOCAL NLS EQUATION
Model ͑1͒ has plane wave solutions of the form
where 0 , k 0 , and 0 are linked through the nonlinear dispersion relation 0 ϭ 1 2 k 0 2 Ϫs 0 , ͑6͒
Following Ref. ͓26͔, we perturb the plane wave solutions as follows:
͑x,z͒ϭ͓ͱ 0 ϩu͑, ͒ϩiv͑ , ͔͒exp͑ i 0 ͒,
where u and v are real functions. Inserting this expression into the nonlocal NLS equation ͑1͒ and linearizing around the solution ͑5͒-͑6͒ gives the equations
where R*uϭ͐ Ϫϱ ϱ R(ЈϪ)u(Ј,)dЈ is again the spatial convolution integral. Introducing the spatial Fourier transform of a function as f (k)ϭ͐ Ϫϱ ϱ f ()exp(ik)d, and exploiting the convolution theorem for Fourier transforms, the linearized system is converted to a set of ordinary differential equations in k space,
where the vector X and matrix A are defined as
The eigenvalues of the matrix A are given by
͑12͒
The general expression ͑12͒ was also derived in Ref.
͓26͔.
Here we have briefly reviewed the derivation for the sake of completenes and because it constitutes the basis of our study of MI. From Eq. ͑12͒ one can deduct the general existence properties of MI in nonlocal media listed in Table I ͓26͔.
III. GENERIC PROPERTIES OF THE MI GAIN SPECTRUM
The local case with ϭ0 ͑the NLS equation͒ is well known. There is always MI in focusing media (sϭ1) and always stability in defocusing media (sϭϪ1). Here we therefore focus on the interesting case with a finite degree of nonlocality ( 0). The spectrum R (k) has the following generic properties:
͑1͒ Since R(x) is real valued and symmetric, then so is R (k), i.e., R (k)ϭR (Ϫk)ϭR *(k).
͑2͒ Normalization ͑2͒ implies that R (0)ϭ1, which means that R(x) tacitly is assumed to be absolutely integrable, and We further assume the following properties:
͑5͒ The functions xR(x) and x 2 R(x) are also absolutely integrable, which means that R Ј(k) and R Љ(k) are continuous for all k ͓32͔.
͑6͒ The response function is characterized by a typical width or scaling length ͑the degree of nonlocality͒ and assume the generic form R(x)ϭ Ϫ1 ⌽(x/), where the scaling function ⌽ is nondimensional, i.e., independent of .
The spectrum R (k) can be expressed in terms of the Fourier transform ⌽ of the scaling function ⌽ as
The properties ͑1͒-͑6͒ of the spectrum R carry over to ⌽ . Note that due to the normalization ͓property ͑2͔͒ and the Riemann-Lebesque lemma ͓property ͑4͔͒, the scaling function has the property that lim →ϱ ⌽ ͑ k ͒ϭ ͭ 1, kϭ0 0, k 0.
Thus eigenvalue equation ͑12͒ approaches uniformly the form 2 ϭϪk 4 /4 for →ϱ, which is recognized as the eigenvalue equation for MI in the linear potential free Schrödinger equation
Hence the well-known result of modulational stability is reproduced in the limit of strong nonlocality. For 0ϽϽϱ we proceed as follows: Using the nondimensional scaling function ⌽ , the degree of nonlocality can be explicitly put into eigenvalue equation ͑12͒, even though the specific response function is not known. We thus rewrite Eq. ͑12͒ in the form
where the scaled wave number k and the scaled nonlinearity s are defined as k ϭk, sϭ4 0 2 s. ͑15͒
The MI gain band structure is then determined by the structural function (k ,s), given by
This is the most convenient form for the mathematical treatment. Due to the symmetry property ͑1͒, we consider only positive wave numbers in the following, i.e., k у0. The parameter s contains both the nonlinearity and the degree of nonlocality, and plays the role of a control parameter. The crucial point in the MI analysis is the properties of the function in the (k -s) space. Using properties ͑1͒-͑6͒ we can characterize the set ⍀ of ͑unstable wave numbers͒ k fulfilling the inequality (k ,s)у0 for a given value of s as follows:
͑I͒ Modulational stability. If (k ,s)р0 for all k then ⍀ is empty. In this case there can be no MI.
͑II͒ Finite bandwidth MI. ͑a͒ If (k ,s)у0 for any k then MI occurs. For such k values we define the normalized MI growth rate g,
͑17͒
͑b͒ Any MI gain spectrum will be of finite bandwidth because ⌽ is localized ͓property ͑4͔͒ and thus →Ϫk 2 /s 2 for ͉k͉→ϱ.
͑c͒ The number of MI gain bands is generically finite. This follows if one can show that the transversality condition ‫ץ‬ k 0 is satisfied at all the zeros of for a given s. This result is proved in the Appendix ͑Theorem I͒.
͑d͒ The breakdown of the transversality condition for certain values of the control parameter s, i.e., ‫ץ‬ k ϭϭ0, describes bifurcation phenomena like excitation, vanishing, coalescence, and separation of MI bands.
This list represents the overall picture of the MI for the nonlocal NLS equation ͑1͒. In the following we detail different aspects of this picture. We first formulate the theory of excitation, vanishing, coalescence, and separation of MI bands as bifurcation phenomena. Then we study the general properties of the focusing case (sϾ0) and the defocusing case (s Ͻ0), separately. Finally, the discussion is illuminated with examples.
IV. BIFURCATION ANALYSIS: EXCITATION, VANISHING, MERGING, AND SEPARATION OF MI GAIN BANDS
Let (k b ,s b ) (0,0) denote points where the transversality condition breaks down, i.e., where the structural function and its derivative ‫ץ‬ k both are zero,
The number of zeros of , and thus the number of gain bands, will change as s passes the bifurcation value s b . The second derivative of the structural function evaluated at the bifurcation point determines what type of phenomenon takes 
In fact, in a similar way as in the proof of Theorem I, it can be shown that the bifurcation points (k b ,s b ) are distinct and isolated if the condition
is satisfied. This is a key result in our theory. The nongeneric case ‫ץ‬ k 2 (k b ,s b )ϭ0 will not be considered here. Finally, an overall requirement for a bifurcation to actually take place is that the velocity condition
is satisfied at the bifurcation point. This assures that (k b ,s) does not remain on the zero axis, but crosses it when the control parameter s passes through the bifurcation value s b . Conditions ͑18͒, ͑21͒, and ͑22͒ are referred to as the generic conditions for bifurcations.
Using the definition ͑16͒ of the structural function , we can find more specific results. Thus Eq. ͑18͒ becomes
By assumption s b 0, and thus Eq. ͑24͒ implies k b 0. To determine the bifurcation values k b and s b of the scaled wave number and the control parameter, one first solves Eq. ͑23͒ for k b under the condition s⌽ (k b )Ͼ0. Then s b is given by Eq. ͑24͒. The second derivative is given by
and thus the generic condition ͑21͒ may be written as
Importantly, we find that at the bifurcation point,
The velocity condition ͑22͒ is therefore always satisfied in our general nonlocal system ͑1͒. In Table II we have summarized the features of the bifurcation process.
V. MI GAIN SPECTRUM IN FOCUSING MEDIA
To obtain specific results ͑bandwidth, maximum, etc.͒ about the individual gain bands constituting the normalized MI gain spectrum ͑17͒, we now consider the focusing case sϾ0. We apply symmetry property ͑1͒ ͓⌽ (k )ϭ⌽ (Ϫk )͔ and consider only positive wave numbers k у0. In this case the following features are apparent:
͑i͒ Existence of a fundamental gain band. There exists a closed bounded interval ͓0,k 1 ͔ in which (k ,s)Ͼ0 for 0 рk Ͻk 1 and (k 1 ,s)ϭ0. This follows from the properties ͑2͒-͑4͒ and the intermediate value theorem for continuous functions. Hence there will always be MI, independent of the shape of the spectrum ⌽ . The band ͓0,k 1 ͔ originates from the underlying local NLS equation, and is thus denoted as the fundamental gain band.
͑ii͒ Possible existence of higher-order gain bands. MI gain bands may also exist for wave numbers k Ͼk 1 . This property depends sensitively on the shape of the spectrum and on the control parameter s.
͑iii͒ Number of gain bands. If the transversality condition ‫ץ‬ k 0 is satisfied at all the N zeros of for a given s Ͼ0, then the number of gain bands, m, is given by Nϭ2m Ϫ1 (mϭ1,2, . . . ). This follows from Theorem I in the Appendix, and the fact that (0,s)ϭ1/sϾ0 and →Ϫk 2 /s 2 for k →ϱ.
A. The fundamental gain band
The fundamental gain band exists for all values of the degree of nonlocality, ͑i.e., of the control parameter s), also in the local limit described by the focusing NLS equation. This gain band has the following features:
͑f1͒ Gain profile. If the transversality condition ‫ץ‬ k (k 1 ,s)Ͻ0 ͓i.e., ⌽ Ј(k 1 )Ͻ2k 1 /s] is satisfied, then there is at least one critical point k c ͓0,k 1 ͔ at which ‫ץ‬ k g(k c ,s) ϭ0. This follows from the fact that ‫ץ‬ k g(0,s)ϭ1/ ͱ s, ‫ץ‬ k g(k ,s)→Ϫϱ as k →k 1 Ϫ and the intermediate value theorem for continuous functions. ͓It is possible to extend this argument to cases where the spectrum ⌽ does not possess a well-defined tangent at k ϭ0. If we require that lim k →0 ϩ⌽ Ј(k ) exists ͑but is different from zero͒, then we also have existence of at least one critical point k c ͓0,k 1 ͔. This occurs, for example, for the spectrum of the Lorentzian 
͑30͒
For fixed amplitude 0 the velocity therefore becomes
and thus the variation of the gain with the degree of nonlocality depends on the sign of the function ⌽ Ј(k 1 ), i.e., sgn͕‫ץ‬g/‫͖ץ‬ϭsgn͕⌽ Ј(k 1 )͖. ͑f2͒ Bandwidth. The condition ͓k 1 (s),s͔ϭ0 defines the bandwidth k 1 (s) as a function of the control parameter, from which we find the velocity ‫ץ‬k 1
Since the transversality condition ⌽ Ј(k 1 )Ͻ2k 1 /s is satisfied, there is no problem with division by zero, and this velocity is always positive. For fixed amplitude o , this expression becomes
in real variables. The transversality condition implies that 2 0 ⌽ Ј(k 1 )Ͻk 1 , and thus the variation of the bandwidth with the degree of nonlocality () depends on the sign of ⌽ Ј(k 1 ), i.e., sgn͕dk 1 /d͖ϭsgn͕⌽ Ј(k 1 )͖. For a fixed degree of nonlocality (), we obtain
Thus the bandwidth k 1 always increases with increasing amplitude of the plane wave, 0 ͑i.e., the more nonlinear the system is͒, no matter what the degree of nonlocality is. ͑f3͒ Local minima and maxima. The criticality condition ‫ץ‬ k g(k c ,s)ϭ0 is equivalent to the equation
which determines the critical wave number k c (s) as a function of the control parameter s. The function
satisfies the relation dH/dsϭF dk /ds. Thus, for F(k c ,s) 0 ͑nonzero gain curvature͒, we obtain the velocity
For fixed amplitude 0 , this expression becomes
From Eq. ͑38͒, we see that if the degree of nonlocality increases, then a local minimum ͓ 0 D(k c )Ͼ2k c ͔ will always decrease, whereas the properties of a local maximum ͓ 0 D(k c )Ͻ2k c ͔ will depend on the sign of the function D(k c ). If 0ϽD(k c )Ͻ8k c /s then k c will increase, and if D(k c )Ͻ0 then k c will decrease. At inflection points, F(k c ,s)ϭ0 ͓ 0 D(k c )ϭ2k c ͔, and thus Eq. ͑38͒ does not apply. An inflection point actually corresponds to a bifurcation, at which two critical points ͑extrema of the gain curve͒, i.e., one local minimum and one local maximum, will be formed or vanish. The bifurcation points (k c ,s)ϭ(k e ,s e ) are solutions of the system of equations F(k e ,s e )ϭH(k e ,s e )ϭ0, which gives G͑k e ͒ϭk e 2 ⌽ Љ͑k e ͒ϩk e ⌽ Ј͑k e ͒Ϫ4⌽ ͑ k e ͒ϭ0,
͑39͒
and s e ϭ8k e /D(k e ). The bifurcation points are isolated and distinct if the transversality condition dG/dk e 0 is satisfied.
For typical response functions with a positive, monotonically decaying spectrum ͑such as the Lorentzian spectrum commonly appearing in physical problems͒, i.e., with ⌽ Ј(k )Ͻ0 for all k , both the gain g(k) and the bandwidth k 1 will always be a decreasing function of the degree of nonlocality. If each gain band further has a unique maximum, then bifurcations will not be an issue. Table III summarizes the generic features of the fundamental gain band in nonlocal focusing media (sϾ0). Note that the fundamental gain band always has the classical Lighthill shape of the MI gain spectrum in the local focusing NLS equation.
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B. Higher-order gain bands
Here we detail the properties of the higher-order gain bands that do not exist in the local limit ϭ0, but may be formed through a bifurcation process when the system becomes sufficiently nonlocal. Let s b denote the bifurcational value of the control parameter and assume that for sϾs b there are wave numbers k 0 and k 1 (k 0 Ͻk 1 ) satisfying the following properties (iϭ0,1):
Note that assumptions ͑c͒ and ͑d͒ imply that we have imposed transversality conditions at k 0 and k 1 . The following results are apparent:
͑hf1͒ Gain profile. The gain g is positive and continuous differentiable for k 0 Ͻk Ͻk 1 . At the boundaries, g(k 0 ,s) ϭg(k 1 ,s)ϭ0, ‫ץ‬ k g(k 0 ,s)→ϱ for k →k 0 ϩ , and ‫ץ‬ k g(k 1 ,s) →Ϫϱ for k →k 1 Ϫ . Hence, by the intermediate value theorem, there is at least one critical wave number k c ͓k 0 ,k 1 ͔ at which the gain has a local extremum, ‫ץ‬ k g(k c ,s)ϭ0.
Equations ͑27͒-͑31͒ and the properties ͑f1͒ derived therefrom all apply to the higher-order gain bands also, e.g., local minima, maxima, and inflection points are distinguished by the sign of the function F(k c ). ͑hf2͒ Bandwidth. The bandwidth of the higher order gain bands is defined as Bϵk 1 Ϫk 0 . The transversality conditions ͑c͒ and ͑d͒ mean that Eqs. ͑32͒-͑34͒ for the velocities apply to both the boundaries k 0 and k 1 , i.e., to ‫ץ‬k i ‫ץ/‬ and ‫ץ‬k i ‫ץ/‬ 0 . Thus the left boundary k 0 will always decrease with the degree of nonlocality (), since ⌽ Ј(k 0 ) Ͼk 0 /(2 0 ). The variation of the right boundary k 1 with will depend on the sign of the function ⌽ Ј(k 1 ), as for the fundamental gain band. However, even if ⌽ Ј(k 1 )Ͻ0 and k 1 therefore decreases with , the bandwidth B may still increase with if k 0 decreases faster than k 1 , i.e., if ‫ץ‬k 0 ‫ץ/‬ Ͻ‫ץ‬k 1 ‫.ץ/‬
In terms of the plane-wave amplitude 0 , the right boundary k 1 will always increase with 0 as for the fundamental gain band (‫ץ‬k 1 ‫ץ/‬ 0 Ͼ0), whereas the left boundary k 0 will always decrease with 0 (‫ץ‬k 0 ‫ץ/‬ 0 Ͼ0) due to the conditions ͑c͒ and ͑d͒. Thus the bandwidth B will increase rapidly the stronger the focusing nonlocal nonlinearity.
͑hf3͒ Local minima and maxima. Equations ͑35͒-͑38͒ and the properties ͑f3͒ of local minima and maxima in the fundamental gain band also apply to the higher-order gain bands.
VI. MI GAIN SPECTRUM IN DEFOCUSING MEDIA
We now consider the defocusing case with sϽ0 and apply again the symmetry property ͑1͒ ͓⌽ (k )ϭ (Ϫk )͔ to consider only positive wave numbers k у0. The following main features are apparent:
͑i͒ Nonexistence of the fundamental gain band. No closed bounded interval ͓0,k 1 ͔ exists, for which (k ,s)Ͼ0 when 0рk Ͻk 1 and (k 1 ,s)ϭ0. This follows from the fact (0,s)Ͻ0 and continuity of the structural function.
͑ii͒ Modulational stability for positive definite spectra. If ⌽ (k )Ͼ0 for all k , then (k ,s)Ͻ0, and hence we always have modulational stability in this case.
͑iii͒ Possible existence of MI. MI may occur for nonzero wave numbers in higher-order gain bands. This property depends sensitively on the shape of the spectrum and the control parameter s.
͑iv͒ Number of gain bands. If the transversality condition ‫ץ‬ k 0 is satisfied at all the N zeros of for a given s Ͼ0, then the number of gain bands ͑m͒ is given by N ϭ2m (mϭ0,1, . . . ). This follows from Theorem I in the Appendix and the fact that (0,s)ϭ1/sϽ0 and → Ϫk 2 /s 2 for k →ϱ. Note that the stable case with no zeros, and hence no gain bands, is included (mϭ0). Here we detail the properties of the higher-order MI gain bands that do not exist in the local limit ϭ0, but may be formed through a bifurcation process when the system becomes sufficiently nonlocal. Let s b Ͻ0 denote the bifurcational value of the control parameter and assume that for s Ͻs b , there are wave numbers k 0 and k 1 (k 0 Ͻk 1 ) satisfying the following properties (iϭ0,1).
Again ͑c͒ and ͑d͒ are the transversality conditions at the zeros k 0 and k 1 . All Eqs. ͑27͒-͑39͒ are formerly the same, except for sign changes in the equations that are in terms of real variables k, , 0 , and g. We have the following results:
͑hd1͒ Gain profile. Equations ͑27͒-͑29͒ and the properties ͑f1͒ derived therefrom hold also for the defocusing case. However, the normalized gain is now
͑40͒ and the velocity therefore becomes ‫ץ‬g ‫ץ‬ ϭϪ ͩ k 3 8 0 g ͪ ⌽ Ј͑k ͒.
͑41͒
Thus the variation of the gain with the degree of nonlocality still depends on the sign of ⌽ Ј(k ), but now sgn͕dg/d͖ ϭϪsgn͕⌽ Ј(k )͖.
͑hd2͒ Bandwidth. The bandwidth B is again defined as Bϭk 1 Ϫk 0 and Eq. ͑32͒ is still valid for both k 0 and k 1 due to the conditions ͑c͒ and ͑d͒. However, in real variables the velocities now become
which replaces Eqs. ͑33͒ and ͑34͒. From Eqs. ͑42͒ and ͑43͒ we see that both boundaries k 0 and k 1 have exactly the same dependences on and 0 as in the focusing case, given by the properties ͑hf2͒. ͑hd3͒ Local minima and maxima. Equations ͑35͒-͑37͒ still apply, since they are in scaled variables. However, in real variables the velocity is now given by
which replaces Eq. ͑38͒. Furthermore, in real variables, k c now corresponds to a local minimum when 0 D(k c )Ͻ Ϫ2k c and a local maximum when 0 D(k c )ϾϪ2k c . Nevertheless, a minimum still always decreases with and the properties of a maximum still depends on the sign of D(k c ). If Ϫ2k c Ͻ 0 D(k c )Ͻ0, then k c will increase with , and if 0 D(k c )Ͼ0 then k c will decrease with . The properties of inflection points are the same as listed under ͑f3͒, except that now the inflection point occurs at 0 D(k c )ϭϪ2k c .
VII. EXPONENTIAL RESPONSE FUNCTION
As a generic example of a response function with a positive-definite spectrum, we consider the typical exponential response function
whose Fourier transform is a Lorentzian,
This response function appears, e.g., in materials with a nonlinear response determined by a transport mechanism ͑diffusion, heat conduction, etc.͒ and described by the generic diffusionlike equation ͓20͔
where is the diffusion parameter. Let us summarize the generic properties predicted by our theory, given spectrum ͑46͒, for which ⌽ (k )Ͼ0 for all k and ⌽ Ј(k )Ͻ0 for k Ͼ0, with ⌽ Ј(0)ϭ0. First, we see that bifurcations cannot occur, since ⌽ and ⌽ Ј have opposite sign, and thus the bifurcation Eqs. ͑23͒ and ͑24͒ do not have a solution, i.e., for all degrees of nonlocality (), only the fundamental ͑long-wave͒ gain band exists. Equations ͑31͒ and ͑33͒ with ⌽ Ј(k )Ͻ0 then predict that the maximum gain G m () and the gain bandwidth k 1 ϭB() always decrease with .
For more information on the gain profile, we must calculate the functions D and F, i.e., we must calculate the specific curvature ⌽ Љ(k ) from Eq. ͑46͒. Inserting the curvature into Eqs. ͑28͒ and ͑29͒ gives that D(k )Ͻ0 and F(k )Ͻ0 for all k , and thus the maximum G m of the fundamental gain band is always unique and occurs at the wave number k c ϭk m , which always decreases with according to Eq. ͑38͒. From the eigenvalue equation ͑12͒, we find the specific expressions for the bandwidth B() and maximum gain G m ():
where k m is the positive real solution of the equation 2 2 k m 3 ϩ2k m ϭͱ8 0 . We have numerically investigated the eigenvalue equation ͑12͒ and depicted the results in Fig. 1. The numerical results  and the expressions for B() , G m (), and k m () confirm the generic properties listed in Tables III and I, i.e., only one fundamental MI gain band exists with a bandwidth, unique maximum, and wave number at maximum gain that all decrease with the degree of nonlocality. Thus the nonlocality tends to suppress MI, but can never remove it entirely. Using the qualitatively similar Gaussian response function, these results were confirmed by direct numerical simulation in Ref.
͓26͔. There the exponential response was also considered, but without finding the analytical expressions for the maximum gain and bandwidth, and without any theory for the generic properties of the gain spectrum.
VIII. RECTANGULAR RESPONSE FUNCTION
Now, let us consider the situation where the spectrum is not sign definite and not strictly decreasing for all k. Then it is possible to have additional gain bands in both the focusing and defocusing cases. As an example, we consider the rectangular response function
͑47͒
whose Fourier transform is given by
The bifurcation equation ͑23͒ then reads
from which one finds the bifurcation values b and k b of the degree of nonlocality and the wave number,
The bifurcation relation ͑49͒ gives the approximate value k b (n) for the nth bifurcation,
corresponding to the degree of nonlocality and the transverse wave number FIG. 3. Focusing nonlocal medium with 4s 0 ϭ1 and rectangular response function. The first four (nϭ0, 1, 2, 3͒ MI gain bands ͑shaded areas͒ versus wave number k and degree of nonlocality (). Bifurcation points are indicated. WYLLER, KROLIKOWSKI, BANG, AND RASMUSSEN PHYSICAL REVIEW E 66, 066615 ͑2002͒
͑52͒
Strictly speaking, Eq ͑49͒ has also the zero solution k b ϭ0, corresponding to b ϭ0, but we do not count this as a bifurcation. Moreover, one finds that the curvature of the structural function is always negative at the bifurcation points,
͑53͒
Thus new MI bands are always excited at the bifurcation, both when the nonlinearity is focusing and defocusing. In a gain band, Ͼ0; and thus s sin(k)Ͼ0. From the definition ‫ץ‬ k g(k c ,s)ϭ0 of the critical wave number k c , we further have that s͓sin(k c )ϩk c cos(k c )͔ϭ4k c 2 Ͼ0. Using these relations in the definition ͑29͒ of the function D, we find that sD(k c )Ͻ0. Thus F is always negative on the critical points ͑or extrema of the gain profile͒ and all gain bands therefore have a unique maximum. From Eqs. ͑38͒ and ͑44͒ we then have that the wave number k c ϭk m (n) at maximum gain of the nth gain band will always decrease with the degree of nonlocality (), both in focusing and defocusing media. Let us look at these cases separately in more detail.
A. Focusing case "sÄ¿1…
In the focusing case the fundamental gain band (nϭ0) is always present, and thus MI is always present as well, in accordance with Table I . For the response function ͑48͒, the bandwidth k of the fundamental gain band is always less than , and thus both ⌽ Ј, D, and F are negative for all 0
Ͻk Ͻk 1 . The fundamental gain band therefore has a unique maximum gain; and according to Eqs. ͑31͒, ͑33͒, and ͑38͒ its maximum gain, its bandwidth, and its wave number at maximum gain all decrease with the degree of nonlocality (). For the higher-order gain bands the generic properties of the bandwidth B (n) and the maximum gain G m (n) are difficult to predict.
The results for the first and second bifurcation are summarized in Table IV , whereas all bifurcation values of the nonlocality are plotted in Fig. 2 . We see that Eq. ͑52͒ gives a quite accurate prediction of the bifurcations. The accuracy becomes better with increasing n.
The full structure of the gain spectrum is depicted as a contour plot in Fig. 3 . For small and moderate values of the degree of nonlocality (Ͻ21.2), we only have one fundamental MI gain band. For higher values of new gain bands appear as predicted. These results are consistent with the findings in Ref. ͓26͔ .
The dependence of k m (n) and B (n) on are depicted in Fig.  4 , which confirms the predicted generic properties and further shows that the bandwidth of the different bands approach each other when increases. 
Nonlocality
Eq. ͑52͒ Wave number
FIG. 4. Focusing nonlocal medium with 4s 0 ϭ1 and rectangular response function. Wave number at maximum gain k m (n) ͑left͒ and bandwidth B (n) ͑right͒ of bands nϭ0 ͑solid͒, nϭ1 ͑dotted͒, and nϭ2 ͑dashed͒. FIG. 6. Focusing nonlocal medium with 4s 0 ϭ1 and rectangular response function. Maximum gain G m (n) versus for bands n ϭ0 ͑solid͒, nϭ1 ͑dotted͒, and nϭ2 ͑dashed͒.
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In Fig. 5 we have shown cuts of the MI gain spectrum at ϭ10, 30, and 60. We note a surprising feature for ϭ30, which is not predicted by our analysis of the generic features: the maximum gain of the second band is higher than that of the fundamental band. To show this in more detail, we have plotted the maximum gain in Fig. 6 . Here we clearly see that at ϭ25 (ϭ56) the maximum gain of the nϭ1 (nϭ2) band becomes larger than the maximum gain of the fundamental nϭ0 band. This crossing should be detectable in a numerical experiment, since the system will always eventually select the wave number at maximum gain when starting from random white noise.
B. Defocusing case "sÄÀ1…
In the defocusing case, there is no fundamental (nϭ0) gain band, and thus all plane waves are modulationally stable until the nonlocality becomes sufficiently strong to reach the first bifurcation. Table V summarizes the results for the first and second bifurcation, whereas all bifurcation values of the nonlocality are plotted in Fig. 7 . We see that Eq. ͑52͒ gives a quite accurate prediction of the bifurcations also in the defocusing case. The accuracy again becomes better for increasing n.
The full structure of the gain spectrum is depicted as a contour plot in Fig. 8 . The fundamental nϭ0 MI gain band is absent, so for small and moderate values of the degree of nonlocality, Ͻ9.2, there is no MI. For higher values of Ͼ9.2 gain bands appear as predicted. These results are consistent with the preliminary findings in Ref. ͓26͔ .
The dependence of k m (n) and B (n) on are depicted in Fig.  9 , which again confirms the predicted generic properties and shows that the bandwidths of the different bands approach each other when increases.
In Fig. 10 we have shown cuts of the gain spectrum at ϭ20, 50, and 80. Again, for both ϭ50 and 80, we observe that the maximum gain of the nϭ2 band is higher than that of the lowest nϭ1 band. To show this in more detail, we have plotted the maximum gain in Fig. 11 .
From Fig. 11 we clearly see that at Ϸ47 (Ϸ84) the maximum gain of the nϭ2 (nϭ3) band becomes larger than the maximum gain of the lowest nϭ1 band. We even see that at Ϸ109, the third nϭ3 band becomes dominant, i.e., its maximum gain exceeds also that of the second nϭ2 band. Again these crossings should be detectable in a numerical experiment, since the system will always eventually select the wave number at maximum gain when starting from random white noise.
In fact, our numerical simulations clearly confirm this prediction. We numerically integrated nonlocal NLS equation ͑1͒ with the defocusing nonlinearity and the rectangular response function in the form of Eq. ͑47͒. As the initial conditions, we used a planar wave front superimposed with a TABLE V. Nonlocal defocusing material with a rectangular response function. Lowest-order bifurcations for 4s 0 ϭϪ1.
Nonlocality
Eq. ͑52͒ Wave number weak ͑less than 10 Ϫ5 ) random perturbation. Then the equation was numerically integrated using the split-step fast Fourier method with a transverse resolution of ⌬xϭ10 Ϫ2 and a step length of ⌬zϭ10 Ϫ3 . Figure 12 summarizes the results of this numerical experiment for s 0 ϭϪ1. It shows the wave number at maximum gain in propagation as a function of the nonlocality parameter . Lines correspond to solutions obtained from dispersion relation ͑12͒. Squares indicate the results of full numerical simulations of Eq. ͑1͒. The agreement between the small signal analysis and numerical simulation is excellent. The inset shows examples of the development of the instability for three values of the nonlocality parameter . It is evident that as the degree of nonlocality increases, the period of the MI signal first increases until the growth rate of the fundamental and second MI bands equalize (Ϸ24 in Fig. 12͒ . Subsequent increase of leads to instability with shorter period, which indicates that the system follows the path determined by the second MI band.
IX. CONCLUSION
The linear stage of the MI for the nonlocal NLS equation has been studied in terms of the spectrum of the response FIG. 10 . Defocusing nonlocal medium with 4s 0 ϭϪ1 and rectangular response function. Gain versus wave number k for ϭ20 ͑solid͒, ϭ50 ͑dotted͒, and ϭ80 ͑dashed͒. function. From dispersion relation ͑12͒, it follows that the crucial point in this discussion is the location of the spectrum of the response function relative to the parabola k 2 in k space. The following features complement and extend the results obtained in Ref. ͓26͔: ͑i͒ The MI is of the finite bandwidth type. It consists of a finite number of well-separated gain bands. Moreover, it is possible to predict the occurrence of excitation, vanishing, coalescence, and separation of MI bands.
͑ii͒ For a large class of response functions ͑exponential, square, Gaussian, etc.͒, each MI band has a unique maximum growth rate. In isolation, each band resembles the MI band found in the focusing local NLS equation.
͑iii͒ In the focusing case we always find at least one MI gain band centered at about kϭ0. It is verified analytically that the width of this MI band, as well as the corresponding growth rate, decreases when increasing the width of the response function, provided the spectrum of the response function is decreasing in this MI band. Furthermore, additional MI bands are excited at higher wave numbers when the width parameter exceeds a certain threshold, i.e., when the nonlinearity becomes sufficiently nonlocal. The latter phenomenon is a unique feature of the nonlocal nonlinearity and has no equivalent in the local case and the weakly nonlocal limit.
͑iv͒ In the defocusing case we can either have stability or MI of the finite bandwidth type. The latter situation can only occur in the high wave number regime, and only if the width of the response function exceeds a certain threshold, i.e., when the nonlinearity becomes sufficiently nonlocal.
͑v͒ In both the focusing and defocusing case, the higherorder MI bands move towards lower wave numbers as the width of the response function increases. In the limit of strong nonlocality, the MI bands vanish completely. This result agrees with the fact that the strongly nonlocal limit of the NLS model ͑1͒ is a linear model.
͑vi͒ Finally, it should be emphasized that the results of small signal analysis are in complete agreement with those obtained by direct numerical integration of the nonlocal NLS equation describing the general type of nonlocal nonlinear media that we have studied.
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APPENDIX: SUFFICIENT CONDITION FOR THE EXISTENCE OF A FINITE NUMBER OF GAIN BANDS
Let us assume that the function defined by Eq. ͑16͒, i.e., ͑k ,s ͒ϵ s⌽ ͑ k ͒Ϫk 2 s 2 , changes sign. Then we have the following important result: Theorem 1. Let s be a given finite, real number. If the transversality condition ‫ץ‬ k 0 is satisfied for all the zeros of , then these points are distinct and isolated. Moreover, the number of such zeros is finite.
Proof. First, let us prove that the zeros of are distinct and isolated. We proceed by means of a contradiction argument. Let ͕k n ͖ nϭ1 ϱ be a convergent sequence of zeros of , i.e., (k n ,s)ϭ0 for all n and lim n→ϱ k n ϭk * . Then, by continuity of , we have 0ϭ lim n→ϱ ͑k n ,s ͒ϭ͑ k * ,s ͒.
which means that the accumulation point k * is a zero of . Hence any interval about k * contains at least one zero k n . But the transversality condition implies that ‫ץ‬ k (k * ,s) 0, from which it follows that there is an open interval I ϭ͗k *
Ϫ⌬k ,k * ϩ⌬k ͘, such that (k ;s) 0 for all k I, k k * , from which it follows that no zero of can be an accumulation point of some sequence of zeros of . Therefore, all the zeros must be distinct and isolated. Next, let us prove that the set of zeros is finite. From the Riemann-Lebesques lemma we have that lim n→ϱ ⌽ (k )ϭ0, and hence due to the definition of we have that (k ;s)ϳϪ(k 2 /s 2 ) as k →ϱ. Therefore there must be a k B such that (k B ,s)ϭ0 and (k ,s)Ͻ0 for all k Ͼk B . Hence all the zeros of belong to the bounded, half-open interval ͗0,k B ͔. Hence we can only have a finite sequence ͕k n ͖ nϭ1 N , k N ϵk B for which (k n ,s)ϭ0, nϭ1,2, . . . ,N.
We immediately obtain the following result: Let s be a given finite real number and assume that the transversality condition ‫ץ‬ k 0 for all the zeros of k n (nϭ1,2, . . . ,N) of . Then the number of zeros ͑N͒ is odd ͑even͒ for the case sϾ0 (sϽ0). This follows from the fact that we have (0;s)Ͼ0 ͓(0;s)Ͻ0͔ for sϾ0 (sϽ0) and (k ;s)ϳ Ϫ(k 2 /s 2 ) as k →ϱ. In the situation described by Theorem 1 we have also a counting rule for the number of gain bands as a function of the number of transversal cuttings. In the focusing case (sϾ0), we have Nϭ2mϪ1 (mϭ1,2, . . . ), while in the defocusing case Nϭ2m (mϭ0,1,2, . . . ). In both cases the number m is equal to the number of finite, well-separated gain bands. Notice that we allow for the case mϭ0 in the defocusing case, which accounts for the case where there are no gain bands, i.e., the modulational stable situation.
